We discuss the target-space interpretation of the world-sheet logarithmic operators in string theory. These operators generate the normalizable zero modes (discrete states) in target space, which restore the symmetries of the theory broken by the background. The problem of the recoil in string theory is considered, as well as some general properties of string amplitudes containing logarithmic operators. * P.P.A.R.C. Advanced Fellow 1. Introduction.
or in other words the quantization of the collective coordinates in string theory, were discussed and connected with the existence of non-local world-sheet operators violating the conformal invariance and leading to some unexpected logarithms.
We shall demonstrate in this article that these operators are nothing but the logarithmic operators mentioned above. This statement is true in general, and is not restricted to the models considered in [7] . This makes the world-sheet logarithmic operators very important objects in string theory. There is an important difference between the approaches suggested in ref. [7] and ours -in the first case the logarithmic singularities come from the infinite normalization factor of some world-sheet current, which is assumed to obey normal operator product expansion relations for currents. This is a result which we do not agree with. In our case, the extra logarithmic dependences in correlation functions of the string in the (extended-object) background arise simply by identifying these currents with logarithmic operators in the theory, which have well-defined Zamolodchikov metric [8] .
Another example of a model where these operators are important is the 2d black holes. We shall argue, in this case, that the target-space symmetry connected with these operators is the W ∞ acting on the discrete states [9] in the black hole background. It should be noted, in this context, that extra world-sheet logarithms have appeared in the amplitudes of non-critical strings propagating in black-hole backgrounds, which have been interpreted [9] as expressing back-reaction of matter on the space-time geometry, and, therefore, a change of conformal field theory (CFT). Let us note that, in general, a change of CFT can be attributed to the Liouville field, whose connection with the worldsheet Renormalization-Group flow and evolution process -the latter being viewed as a change of CFT backgrounds that may cause quantum mixing -was discussed in refs. [10] . A detailed connection of these results with the logarithmic operators discussed in this article will be discussed elsewhere.
In this work, we shall argue about the emergence of logarithmic operators in these models in two ways: first, by using the degeneracy between a vertex operator corresponding to the normalizable zero mode and the identity operator; second, by demonstrating that the conformal blocks in the corresponding Conformal Field Theory (CFT) possess logarithmic terms. These general arguments will be based on some specific properties of string amplitudes containing world-sheet logarithmic operators, as well as on the construction of the Zamolodchikov metric [8] pertaining to these operators. Before addressing these problems, we consider it as useful to remind the reader some facts about the logarithmic operators.
Logarithmic operators 2.1. Mathematical background
First of all, let us discuss how logarithms appear in the correlation functions of the conformal field theory. Let us consider for example the four-point correlation functions of primary fields V (z) and V −1 (z) with anomalous dimensions h, such that
. This correlation function can be represented as
where
) and only the dependence on holomorphic coordinates z i has been written, omitting the obvious dependence onz. In many different models the unknown function F (x) is defined (up to some factors like x α (1 − x) β where α and β are some parameters depending on the model) as a solution of the hypergeometric equation
which in general has two independent solutions [11] , [12] 
where F (a, b, c; x) is a hypergeometric function and these two independent solutions correspond to the two primary fields in the OPE of
one of which is an identity operator I and the second operator O (adjoint operator in the case of the WZNW model, for example, see [13] ) has an anomalous dimension 1 − c.
In this way we recover the conformal blocks in a generic CFT [14] . However, this is not true anymore if the parameter c in the hypergeometric equation (2.2) is an integer (which takes place in all examples in [1] - [4] ). There is a general theorem in the theory of the second order differential equations which deals with the expansion of the solution near the regular point x = 0
This theorem tells us how to calculate the coefficients a n if one knows the two roots α 1 and α 2 , which are the solutions of the so-called indicial equation [11] . However, if the difference α 1 − α 2 is an integer, the second solution either equals the first one (when α 1 = α 2 ) or some of the coefficients are undefined. In both cases the second solution has logarithmic terms x n ln x in the expansion (2.5), besides the usual terms x n . For hypergeometric equation the indicial equation is
and the two roots are α 1 = 0 and α 2 = c − 1, i.e. for integer c = 1 + m the second solution has logarithmic terms.
Let us note that in this case the second operator O in the OPE (2.4) is degenerate either with the identity operator (when m = 0 and c = 1) or with one of its Virasoro descendants (for negative integer m when O has a positive dimension |m|). For positive integer m ( in which case O itself has a negative dimension −m) one of its descendants will be degenerate with I.
The condition that c = 1 + m, m ∈ Z is necessary, but not sufficient if m = 0. To have logarithms in this case one has to impose additional constraints on a and b [11] , [12] .
If c = 1 + m, where m is a natural number, the two independent solutions are If c = 1 − m, where m is a natural number, the two independent solutions are 8) where H(x) is again some regular expansion without logarithms, unless either a or b equal −m ′ with an integer m ′ such that 0 ≤ m ′ < m, in which case both solutions do not have logarithmic terms also.
Amplitudes in string theory with logarithmic operators
The logarithmic terms in the conformal blocks can not be explained by usual the OPE and it is necessary to introduce new operators in the theory -the logarithmic operators.
The OPE for primary fields V and V −1 takes the form 9) where the dimension h C of the operators C and D is determined by the leading logarithmic terms in the conformal block (2.1). We have written here both z− andz−dependences explicitly and it is important to note that the logarithmic term depends on |z|, even for chiral fields, because in the full conformal blocks actually ln |z| appears, as was shown in [4] .
Some general properties of these operators were studied in [1] and [4] . The simplest example of a logarithmic operator one can consider is the puncture operator, which was discussed in [15] in the context of the Liouville model with the action
where R (2) is a world-sheet curvature. The central charge equals
and the primary fields exp(αφ) have dimensions
This means that there are two cosmological constant operators with the same dimension h α = 1, namely V ± = exp(α ± φ), where
, there is a degeneracy α + = α − = √ 2 and instead of two exponential primary fields we have only one C = exp( √ 2φ). The second field with the same dimension (which is called the puncture operator) turns out to be
It is easy to show that the OPE of the stress-energy tensor T with these fields is the follows
which is written here for general logarithmic pair C and D with anomalous dimensions h. This OPE obviously leads to a mixing between C and D. The Virasoro operator L 0 which is defined through the Laurent expansion T (z) = n L n z −n−2 is not diagonal and
The OPE (2.13) leads to a modification of the Ward identity for the string amplitudes
where V i (z i ) are primary fields with dimensions h i . In the usual case one can show [16] that for on-shell states,i.e. when dimensions h i = 1, these amplitudes are zero, which means that the descendants L −n 1 ..L −n k V i decouple from the physical amplitudes. This is not true in case when some of the fields V i are logarithmic operators. In this case, using the OPE (2.13) one can see that (all h i = 1)
The first sum is a total derivative and after integration gives zero, but the second one, where the summation is performed only on j corresponding to the D operators, is non-zero and this Ward identity connects amplitudes of the descendants of D with with amplitudes without logarithmic operators (but including currents C). One can derive a Ward identity forT , which also will be nontrivial. Several examples of these identities were discussed in [4] .
The important lesson we learn from this is that both T andT descendants of logarithmic operators do not decouple from physical amplitudes -this will be important below.
Some examples of this type of Ward identities were considered in [4] .
Substituting the OPE (2.9) into the four-point correlation function one can derive (see details in [4] ) the following two-point correlation functions for the fields C and D
Here the constant d can be made arbitrary by shifting D → D+ const C. The coefficient κ is defined by the leading logarithmic term in the conformal block ( −2c in the notation of ref. [4] ).
This mixing also affects the string propagator on the world-sheet cylinder between states |m > and |n >, which is defined as
where q = exp(2πiτ ) and τ is the modular parameter. In the usual case, when L 0 , L 0 are diagonal, one gets after integrating over τ
where δ(L 0 − L 0 ) enforce the condition h =h for all propagating states. However in the case of logarithmic operators one must take into account the Jordan cell structure of L 0 , L 0 , which in the sector of |CD > and |CD > states leads to
We have the new logarithmic factors here which will be very important soon. Let us also note that ln q factors arise also in the characters T r h q L 0 as was discussed by Flohr in [3] .
It is important to consider two separate cases. The first one is when states are the left-right logarithmic states (C, D)(C,D), then the propagator takes the form
One has either ln q or lnq terms for transitions when either D goes to C orD goes toC and ln q lnq = 4π 2 |τ | 2 for transition DD to CC. This type of states was considered in [4] .
There is another type of states which we shall call chiral logarithmic states, when the logarithmic operators are present only in left or right sectors, like L −1D +L −1 D when h = 1, or more general descendants for other integer h. It was shown in the discussion following the Ward identity (2.16) that these states in general do not decouple from the physical spectrum. In the case of the chiral logarithmic states only one Jordan cell -either L 0 orL 0 will work and we shall have the sum of ln q and lnq, i.e.
for transition between D and C. As we shall see later these states will be the central issue of the recoil problem, which we shall address now.
Logarithmic operators, background symmetries and the recoil problem in string theory
Let us first review the situation in critical string theories in a given background {g i }, where g i denotes generic background couplings/deformations that have vanishing β i (g) functions.
To be more specific one considers the following conformal field theory
where V i (∂ α X, J ) are vertex operators (deformations) turning on the background g i (X), probably depending on some Kac-Moody currents of the exact conformal model representing string propagation in this background, {X} are target space-time co-ordinates of the string, and ∂ α X are world-sheet derivatives of the 'fields X'. As we shall argue below, the form of the vertex operators, depending only on world-sheet derivatives of X, and not on X itself, will be quite crucial for the demonstration of the existence of non-trivial zero modes [7] .
Let us concentrate on the soliton background of ref. [7] for definiteness, keeping in mind that the same can be applied to any other extended object background. Our aim is to identify the deformations that can cause a change of state of the monopole background during a scattering event ('recoil'). As we have said earlier this problem is equivalent to identifying the relevant deformations of the σ-model that cause a change in conformal field theory [9] . The important point to notice is that in the presence of the soliton background of ref. [7] target space translational invariance is broken by the center of mass of the soliton. This effect can be seen in the σ-model path-integral formalism by performing a constant shift of the spatial coordinates X of space-time
By expanding g ( X + q) in Taylor series and taking into account the specific dependence of V i (∂ α X, J ) on world-sheet derivatives of X only, one observes that the effect of the translation (3.2) is simply to induce a deformation in the σ-model action of the form
where appropriate summation over spatial indices in X is assumed. Such a deformation can be expressed as a total world-sheet derivative by using the equations of motion stemming from the deformed world-sheet action
The result is [7] 
where J α is a two-dimensional Noether current associated with the translation (3.2), and the ghost insertions must be included to absorb the ghost zero modes.
The constant N is a normalization factor which is found to be logarithmically divergent [7] . This was found by considering the (normalized) Zamolodchikov metric corre-sponding to O, which is by construction [8]
If one assumes that in the soliton background of ref. [7] J are usual (1, 0) currents, one has
where κ is a normalization constant, and the Latin indices i, j run over the set of zeromodes pertaining to the specific background. Then one obtains
This equation appears obscure to us, and the way how the normalization constant was obtained in [7] is not mathematically clear. Indeed, the authors of ref. [7] integrate the equation over z with a conformally invariant weight d 2 z/|z| 2 . The result is
We do not understand completely this construction; for example, if one integrates with another weight, the answer will be different; Moreover, the cut-off ǫ is a world-sheet cutoff, which is not the same as the one which will arise later due to divergences in the integral over q.
These mathematical problems will disappear immediately, if we postulate that in the soliton background J are not the usual, but the logarithmic currents. Then, instead of (3.7) one has to use (2.17) to obtain
which immediately leads to finite N 2 and well-defined Zamolodchikov metric
which implies that N 2 is not logarithmically divergent as in [7] , but finite.
How, then, can one reproduce the logarithmic divergences found in [7] , which are crucial for the recoil problem ?
The answer was given at the end of the previous section -the same logarithmic operators lead to extra ln q terms. Let us explain this in more detail. Given that the effects associated with a change in the conformal field theory, such as back-reaction of matter on the structure of space-time etc, are purely stringy effects, the most natural way of incorporating them in a σ-model language is to go beyond a fixed genus σ-model and consider the effects of resummation over world-sheet genera. This is a very difficult procedure to be carried out analytically. However, for our purposes a sufficient analysis, which describes the situation satisfactorily (at least at a qualitative level), is that of a heavy extended object in target space, which can be treated semi-classically. From a first-quantized point of view, this implies resumming one-loop (torus) world-sheets. Non-trivial effects arise from degenerate Riemann surfaces, namely from long-thin world-sheet tubes (wormholes) that are attached to a Riemann surface of lower genus (sphere in this case). ¿From a formal point of view, representing a Riemann surface Σ as a tube connecting two Riemann surfaces Σ 1 and Σ 2 one can take into account the degenerate tube by inserting a complete set of intermediate string states E α [17] . Then the amplitude
is given by the following expression
where dm means integration over respective moduli space, V i (ξ i ) are the vertex operators for scattering states, E α are the complete set of the intermediate states with dimensions h α , h α propagating along the thin tube, connecting the world-sheet pieces Σ 1 and Σ 2 (in the case of the degenerating torus handle of interest to us, Σ 1 = Σ 2 ). The terms 'ghosts' indicate appropriate insertions of ghost fields.
One easily observes that extra logarithmic divergencies in (3.13), may come from states with h α = h α = 0 [17] , in which case one has the infrared divergence at small q → 0 integral dqdq/qq. A trivial example of such an operator is the identity, which however does not lead to non-trivial effects, since it carries zero measure in the space of states, and hence it does not contribute to (3.13). On the other hand, if there are states that are separated by a gap from the continuum of states, i.e. discrete in the space of states, then they bear non-trivial contributions to the sum-over-states and lead to divergencies in the amplitude (3.13).
The logarithmic states we discussed earlier are precisely these states, and their total dimension is zero because of the ghost insertion -actually they have the formcc ⊗ ∂ α J α [7] and ghosts shift the total anomalous dimension from (1, 1) to (0, 0).
However we have to find another logarithmic divergence, instead of the normalization factor N 2 -which is precisely the logarithmic terms in (2.21) arising due to the mixing between C and D states. After some algebra we obtain expressions of the type
which gives the leading singularity ln 2 ǫ. Besides this term there will be terms with ln ǫ
terms. The effects of a dilute gas of wormholes on the sphere exponentiate this bilocal operator and one can obtain a change in the world-sheet action (3.1)
This bilocal term can be writen as a local world-sheet effective action term, if one employs the well-known trick of wormhole calculus [18] by writing
and, thus, it can be represented as a local deformation on the world-sheet of the string but with a coupling constant α m , where m = C or D and G mn is the metric necessary to reproduce the initial bilocal operator.
We shall not discuss this problem in more detail; further analysis can be done along the lines of ref. [7] , where logarithmic divergences ln ǫ in the case of elastic scattering on a soliton lead to the conservation of momentum. A more detailed picture will be given in a future publication. Instead, in this article, we shall consider some exact CFT connected with string solitons and analyse some conformal blocks in search of logarithmic operators.
Logarithmic operators in exact CFT backgrounds

CFT for string solitons
To warm up and make it clearer what we mean, we start by a simple four-dimensional effective action involving antisymmetric tensor, dilaton and graviton fields. The action reads
A solution which could correspond to an extended object in target space corresponds to the following background configuration (5-brane) [19] ,
where we wrote only the dependence on 4 Cartesian coordinates x µ in a 4D transverse space. The Bianchi identity for H * , ∂ µ H * µ = 0, implies
which leads to a solution [19] 
The 4D transverse space is asymptotically flat , at each singular point a i a semiinfinite wormhole is glued in. To see this let us restrict ourselves to the simple case n = 1 and neglect exp(φ 0 ) term. Then, one gets for the dilaton
. This leads to a linear dilaton [20] by a change of coordinates φ = −t/ Q; t ≡ Qln r 2 /Q (4.6) and to the metric
with S 3 a three sphere, and Q is the axion charge defined as Q = 
and a Feygin-Fuks representation for the linear dilaton [20] and the time coordinate t (half the real line), with central charge
The sum of the two central charges amounts to 4 up to terms of order (1/k 2 ). In the semi-classical limit of k → ∞ (α ′ → 0), one can see that the conformal blocks of the WZNW theory [13] corresponds to the hypergeometric functions of the form
For the first one we definitely have logarithms ln x in general solution (see section (2.1)), where for the last one the hypergeometric equation (2.2) becomes
with the general solution F = A + B ln(1 − x), which has a logarithmic singularity at x = 1. The situation is tempting to suggest that there may be logarithmic operators in this case also, but the approximation of k → ∞ is not really an exact result so as to justify the above argumentation.
The resolution comes by including supersymmetry, as described in ref. [19] . In that case the four dimensions are pertaining to the internal dimensions of some four dimensional superstring constructions, but the details are irrelevant for our purposes. The important point to notice is that there are anomalies associated with left-right fermions, which effectively amount to modifying the level k of the supersymmetric WZNW model by k − 2. The resulting central charge of the WZW model is now
and that of the Feygin-Fuks /dilaton part
where the factors of 3/2 in (4.12) and 1/2 in (4.13) are due to the supersymmetric fermions of the CFT, which are essentially free. The total central charge now is 6, and the expansion in powers of 1/k truncates, leading to exact results unlike the bosonic case.
Let us now locate the zero modes and the origin of logarithmic operators in the superconformal blocks of the WZNW model. The conformal blocks were considered, for example, in ref. [21] . Consider the four point functions of a supersymmetric WZNW model with the group SU(N) -actually we need here only N = 2. The procedure is analogous to the bosonic case [13] , and one can derive easily the analogues of the KnizhnikZamolodchikov equations that define the superconformal blocks, f
in a standard notation. In this particular case, the solution acquires the form
with some constants a pq and
It is also important to know that unitary highest weight representations in this model exist only for non-negative integerk = k − N (see [21] and references therein), which means that minimal possible k in this case is N, i.e. minimal k = 2 in case of SU (2) . Taking into account that in the model at hand the level k is associated with the size of the throat, i.e. the axion charge Q, we shall consider the "minimal" soliton.
In this case one can see immediately that the dimension of the adjoint field is∆ = 1 and we have a degeneracy with all the consequences. Using (2.7) and (2.8) one can see that at k = N we have the set of solutions similar to what was considered in [4] 
where H 1 and H 2 are two functions discussed in section (2.1) and we took into account that 1 − 2∆ = 1/N 2 for k = N. Using the same methods as in [4] we can get the OPE for two primary fields in this model which has the form
From this OPE one can see immediately that the logarithmic pair D, C has anomalous dimension h =h = 1. These fields can be constructed either from the adjoint field with h =∆ = 1 and the corresponding Kac-Moody currents, or from objects like∂(C, D) and their complex conjugates. This situation is slightly different from the chiral situation of ref. [4] . At present we are not in a position to determine the precise form of the logarithmic pair. Anyhow, the above analysis supports our conjecture that in the CFT corresponding to the solitonic background there are logarithmic operators with dimension 1 which generate the symmetry transformations.
It appears from the above considerations that logarithmic operators appear only for certain values of the level k, namely k = 2 for the model of 5-brane. This is contrary to the generic arguments given above on the existence of zero modes due to the broken translational invariance by the center of mass of the solitonic solution (instanton, monopole etc) , which appears to be a general argument. The resolution is provided by the fact that so far we have looked at part of the problem, only the supersymmetric WZNW model that refers to the S 3 and the antisymmetric part of the dilaton. The independence of k may come from combining (tensoring) this model with the Feygin-Fuks conformal field theory, and then repeating the Kniznik-Zamolodchikov equation for the tensored CFT. This hope is based on the fact that only for k = 2 we got the second operator with dimension 1.
Let us note that in the case of the CFT model of disorder there were also two types of fields : a SU(r) WZNW field and a U(1) scalar field, and only by taking into account both of these fields one was able to recover the logarithmic operators in a general case. We hope the same is true in this model also. One, then, has to find the analogue of the hypergeometric functions appearing in the conformal blocks of the tensor model in this case. Once this is done , one should hopefully be able to show the existence of logarithmic operators as a result of the existence of a degenerate (zero) mode in the spectrum, other than the identity, corresponding to 'recoil' of the soliton center of mass.
2D Black Holes
As we discussed earlier there are logarithmic operators in the Liouville c = 1 theory which are
It is interesting to know if this pair exists in a two-dimensional black hole model which is a generalization of the c = 1 string theory. 2D black holes can be described [22] as exact conformal field theories of gauged WZNW type over the coset SL(2, R)/U(1) with the central charge c = 3k/(k − 2) − 1, where k is the level of the SL(2, R) Kac-Moody algebra. At k = 9/4 one has the critical string with c = 26. One can see that the factor 1/(k − 2) = 4 in this case, and for pure SL(2, R) conformal blocks one again has integer c in the corresponding hypergeometric functions. However the conformal blocks for 2D black holes correspond to the coset SL(2, R)/U(1) and their actual form is yet unknown.
So, instead of attacking this problem in the same way as before, we shall try to find some marginal deformations of the background which far from the horizon, where the spacetime corresponds to the c = 1 Liouville theory, will have logarithmic terms. The σ-model action describing a Euclidean black hole can be written in the form
where the conventional radial and angular coordinates (r, θ) are given by w = sinhre −iθ and the target space (r, θ) line element is
The corresponding exactly-marginal deformation, which turns on matter backgrounds in this geometry is constructed by W ∞ symmetry considerations [23, 9] , and is given by [24] L 
where the ψ denote higher-string-level operators [24] , and the 'tachyon' operator is given
,0,0
There is an integral representation for the hypergeometric function [11] F (a, b, c;
which for the hypergeometric function F (1/2, 1/2, 1; x) gives us Thus the exactly marginal deformation of the black hole background also have logarithmic operators and one can hope that they can be observed in the corresponding conformal blocks. As wee saw, in the case of black hole background the logarithmic operators are closely related to the hidden W ∞ symmetry [9] , however the full picture needs further clarifications. It is an interesting problem to see how these new operators will affect the scattering amplitude in the black hole background.
Conclusions
In this paper we have demonstrated that in the general class of solitonic string backgrounds a new phenomenon takes place -the emergence of logarithmic operators associated with a target space symmetry.
The physical meaning of the target space symmetry is the existence of the normalizable zero modes corresponding to the deformations of the string background under the symmetry of the full theory. The simplest examples we considered support this picture and this is a pleasant fact.
We think that the phenomenon we discussed is very general and it is important for studying the general problem of back-reaction in string theory -the recoil problem we considered is only one of the problems of this type. It will be interesting to expand our methods to the case of general P -and D-branes. We hope to return to this, as well as to other related problems, such as black holes in string theory etc, in the near future.
It will be also interesting to find a general classification of all possible logarithmic operators and to use this as a world-sheet approach to classify the possible target space symmetries in string theory. At present this remains the biggest challenge.
Acknowledgments
